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ARTICLE

Applying forces to generate cartograms: a fast and flexible transformation
framework
Shipeng Sun a,b

aDepartment of Geography and Environmental Science, Hunter College – CUNY, NY, USA; bEarth and Environmental Sciences Program,
Graduate Center – CUNY, NY, USA

ABSTRACT
Automatic production of contiguous area cartograms has become practical with computer algorithms,
particularly applying forces to rubber-sheets and simulating diffusion processes. Reformulating the
existing force-based and rubber-sheet methods, this article presents a fast and flexible force-based
computational framework for general space transformation with solid physical and mathematical
foundations. When being applied to cartogram production, this framework guarantees topological
integrity, allows flexible force generation, achieves fast convergence, and avoids extreme shape
deformation. Benchmarked against the recently published fast flow-based diffusion method using
five datasets of various volume, compactness, and complexity, this force-based framework is faster,
reduces more shape deformation, and can produce cartograms with distinctive slim or inflated styles.
Additionally, the force-based framework is robust and can handle complicated datasets, whereas the
flow-based method produces errors from them. Although the flow-based diffusion method often
reduces cartogram size error more than the force-based (typical weighted mean error is below 0.1%
versus 1%), both are outstanding with such low levels of error and their cartograms generally register
little visual differences. Overall, the force-based transformation framework provides a fast, flexible, and
robust alternative to the diffusion method for cartogram production.
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1. Introduction

Contiguous or continuous area cartograms are geome-
trically transformed maps in which the polygon sizes are
proportional to some positive, aggregate attributes such
as population and gross domestic product while preser-
ving topology (Dorling, 1996; Nusrat & Kobourov,
2016; Tobler, 2004). As size is one of the most effective
graphic variables, area cartograms can effectively chal-
lenge the intuition constructed from “normal” maps
with the same perception that bigger is more
(Garlandini & Fabrikant, 2009; Sun & Li, 2010). Since
the introduction of area cartograms, significant progress
has been achieved to expand their types and to automate
their production. For examples, rectangular, distance or
linear, circular, and circular-arc cartograms, as well as
their variants were proposed; and many computer algo-
rithms and implementations had been published (e.g.
Cruz et al., 2015; Kämper et al., 2013; Koylu et al., 2019;
Nusrat et al., 2018; Tang, 2013).

To avoid repeating the general overviews on carto-
grams in the literature, the development of two threads
of contiguous area cartogram algorithms is described in
a chronological order below. These two are applying
forces to polygon vertices by Dougenik et al. (1985)

and simulating diffusion process by Gastner and
Newman (2004). While cartogram construction – either
manual or automatic – had been and remains
a challenge for cartographers, these two methods,
among others, greatly eased the difficulty of automati-
cally generating quality contiguous area cartograms.
The implementations of these two types of methods
are readily available and comparisons show that they
generally perform better than others, especially on redu-
cing size errors (see Henriques et al., 2009; Markowska
& Korycka-Skorupa, 2015; Sagar, 2014; Sun, 2013a).

Applying forces to a rubber sheet is the first physical
metaphor that was used to automate the production of
contiguous area cartograms – simply cartograms here-
after (Tobler, 2004; Rushton, 1972). Although many
early cartogram algorithms did not explicitly adopt the
rubber-sheet metaphor, they could be so characterized
(Tobler, 1973, 1986). Within this metaphor, the entire
space is an elastic rubber sheet. A vector field of trans-
forming forces is then generated from the “tensions”
between the current polygons and their intended
shapes. The force field will unevenly compress or stretch
the elastic space and gradually move shapes into place.
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While the rubber-sheet metaphor characterizes many
early methods, a computational breakthrough by
Dougenik, Chrisman, and Niemeyer (DCN) made it
possible for the first time to automatically generate
quality cartograms (Chrisman, 1977, 2002; Dougenik
et al., 1985). In the DCN algorithm, forces are exerted
from each polygon centroid and act on polygon vertices
in inverse proportion to distance. A “force reduction
factor”, which can be interpreted as the elasticity of the
rubber sheet, is applied to regulate the forces and to
calculate the displacement of polygon vertices. With
proper pre-processing, mainly adding more vertices on
the long boundary segments to allow smooth curves, the
algorithm can avoid line-crossing and preserve topol-
ogy. DCN has proven to be able to handle simple and
complex maps, and remains influential for its simplicity,
effectiveness, and speed (Chrisman, 2002; Du & Liu,
1999; Jackel, 1997; Wolf, 2005).

During the decades after the publication of DCN in
1985, cartographers and computer scientists had made
major contributions to cartogram algorithms using line
integral, triangulation, medial axis, and self-organizing
maps (Edelsbrunner &Waupotitsch, 1997; Gusein-Zade
& Tikunov, 1993; Henriques et al., 2009; Keim et al.,
2004, 2005; Kocmoud & House, 1998). These methods
have their own specific advantages, yet none of them
compare to the diffusion-based method. The original
diffusion method was published in 2004, along with
executable programs and source code (Gastner &
Newman, 2004). It essentially applies the diffusion
model in physics to cartogram production. In
a diffusion process, high-density gas particles (or high
concentration of heat) flow toward low-density (or low-
concentration) areas until reaching an equal-density
equilibrium. Cartograms – the equal-density maps,
therefore, can be produced by simulating diffusion.
Lately, a Java program with a user-friendly GUI
named ScapeToad implemented the diffusion algorithm
and made the production of cartograms as simple as
a few mouse clicks (Andrieu et al., 2008).

The success and popularity of the diffusion
method inspired new improvements to the force-
based DCN. Extending and reinforcing the “contin-
uous and twice differentiable” force function in DCN
with mathematics of topology, an optimized DCN
algorithm was published with a group of new bijec-
tive functions for the force generation (Sun, 2013b).
These functions produce a continuous and inversible
transformation and therefore can mathematically
guarantee topological integrity. Sun further improved
the method using techniques like multi-threading
and quadtree with the Carto3F program (Sun,
2013a). While Carto3F is much faster than its

predecessors and ScapeToad, it suffers from serious
shape-deformation or “recognition difficulties” for
not-so-compact polygons such as Inner Mongolia of
China and Russia in the world map (Kronenfeld,
2018). Although DCN proposed to split polygons
into convex sub-regions to reduce deformation, it
has not been implemented in any cartogram pro-
grams due to its computational complexity.
Nevertheless, this strategy could potentially solve
the extreme deformation problem of the force-based
methods. In addition, the effect of the so-called force
“exaggeration” in Carto3F is not well illustrated and
tested. It is unclear how such force overshooting
impacts the shapes of cartograms. Furthermore, the
value of introducing a quadtree in Carto3F is not
fully capitalized. There is much space to customize
and utilize the quadtree to computationally guarantee
topological integrity and to further improve the effi-
ciency of the algorithm with adaptive tree depths.

The improvement to the diffusion method also con-
tinued and the focus had been on its speed. As a result,
a fast flow-based diffusion (FFD) method was developed
(Gastner et al., 2018). FFD not only retains the effective-
ness of the original diffusion method in terms of making
polygons close to desired sizes but also improves its
efficiency at an order of magnitude. It can generate
cartograms of population for the US states in seconds
rather than minutes on an ordinary laptop or desktop
computer. However, it is unclear whether this new flow-
based diffusionmethod wholly surpasses the force-based
rubber-sheet methods as Gastner et al. (2018) did not
provide a comprehensive assessment but primarily com-
pared FFD to their own original diffusion method.

This paper presents the latest work on the force-
based rubber-sheet methods. Its purpose is twofold.
First, it reinterprets and reformulates the existing
DCN and Sun algorithms as a generic force-based
space-transformation framework with a systematic spe-
cification of its physical and mathematical foundations
(Dougenik et al., 1985; Sun, 2013a, 2013b). While these
force-based rubber-sheet methods had been successfully
applied to cartogram production, the newly formulated
framework is rather generic and works for any force-
based space transformation with properties of fast con-
vergence and topological integrity. Such generality also
renders the framework flexible for force generation, for
controlling cartogram styles, and for possible applica-
tions beyond cartograms. Second, this paper specifically
assesses how this force-based framework compares to
the latest flow-based diffusion method. An implementa-
tion of the new framework, named F4Carto and read
Force-fo(u)r-Carto(gram), improved existing force-
based rubber-sheet methods in speed (convergence
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rate), shape preservation (deformation reduction), as
well as flexibility and robustness. The assessment
would provide map makers practical guidelines for
choosing between these two arguably best types of
methods for contiguous area cartogram production.

2. Foundations of force-based space
transformation

Applying models and processes in physics, particu-
larly those with solid mathematical foundations and
analytical or computational solutions, has been
a rewarding practice in engineering as well as geo-
graphy (O’Sullivan & Manson, 2015). The diffusion-
based cartogram algorithm is such an example which
simulates high-density gas particles flowing to low
density areas till reaching an equal-density equili-
brium. The densities in a diffusion process are repre-
sented as a scalar field and particles move along its
density gradients. The system can be computationally
solved using fast Fourier transform and approves to
be effective and efficient for cartogram production
(Gastner & Newman, 2004; Gastner et al., 2018).

Cartograms have been interpreted as a map projec-
tion or space transformation problem (Tobler, 2004),
which can be solved using a vector field where forces
directly transform space and move polygon vertices.
This type of approach was first put into action by
Chrisman (1977) and lately improved by DCN. Within
a force field for a cartogram of population, for instance,
high-density polygons such as the New York County
(Manhattan, New York) with nearly 7,000 people per
square miles will generate expanding forces that push
everything nearby outwards. On the contrary, low-
density polygons such as the Hamilton County in
Upstate New York with only 2.82 per square miles
generate contracting forces that pull everything nearby
inwards. All these forces together form a vector field
which transforms the space toward equal density.

Such force-based methods have been widely
applied in visualizations and GIS such as the plot-
ting of complex networks, Dorling’s circular carto-
gram, and smart map labeling (Fruchterman &
Reingold, 1991; Holten & Van Wijk, 2009; Jacomy
et al., 2014; Stadler et al., 2006). Although these
force-based methods offer valuable insights to the
generation and scaling of forces, they do not
directly apply to topology-preserving space transfor-
mation and cartogram construction. This is because
cartograms and their underlying space transforma-
tion must maintain the topological equivalence

between the original and transformed spaces.
General force-based methods, particularly graph
plotting, do not always have such a requirement.
And even if they do, the types of topology are
often tangency, minimum line-crossing, and/or no
overlapping, but not the topological equivalence of
the entire space.

General space transformation is best represented by
contiguous polygons that cover the entire space. Unlike
a set of points, which commonly have no direct topolo-
gical relationships or constraints, polygons have topol-
ogies of non-overlapping and contiguity that must be
preserved in cartograms. As a result, the space needs to
be treated as a rubber sheet with certain elasticity. When
the forces are applied, the rubber sheet produces coun-
terforces to the stress, which help mitigate extreme
transformation and preserve topology. More critically,
it must have an appropriate elasticity because a not-
elastic-enough rubber sheet will crack, collapse, and
break under forces while an overly elastic one will
twist and fold. Under either situation, its topology will
be broken. To preserve topology, such elasticity must be
precisely and accurately derived.

Alternatively, the elasticity metaphor can be substi-
tuted by a moving-time constraint. Suppose the 2D
space is like vacuum with zero elasticity and zero resis-
tance. When the forces are applied to the polygon ver-
tices, they will gain various velocities and move freely
like gas particles. A movement-stopping mechanism,
therefore, must be in place to stop these vertices before
they move too far and break polygon topologies. This
could happen, for example, when vertices on the oppo-
site sides of a polygon move toward the polygon center
or vertices on one side move much faster than vertices
on the other side. Same as the elasticity, the exact time
that those particles or polygon vertices can move must
be mathematically specified. As shown below, both
models can be described by the same group of functions.
Because the core of the space transformation framework
is the specification of the forces, it is named “force-
based” for accuracy and generality.

To reframe these physical models as a force-based
generic space transformation framework, mathematical
equations are specified for the forces as well as the
elasticity of the rubber-sheet or the moving time of the
particles. The goal of these equations is to achieve fast
convergence while preserving topology.

Given a vector force field~F x; yð Þ, which is completely
generic and not related to any specific models or spatial
features, and a point or a particle q x; yð Þ in the field,
which has an initial velocity of zero and mass of m.
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q x; yð Þ will move to a new location qt xt; ytð Þ after time t

subject to ~F, according to the Newton’s laws of motion.
That is

X
*

t ¼ xt
yt

� �
¼ xþ 1

2
Fx x;yð Þ

m t2

y þ 1
2
Fy x;yð Þ

m t2

" #
¼ xþ cFx x; yð Þ

yþ cFy x; yð Þ
� �

¼ T X
*

� �
(1)

X
*

and X
*

t are vectors indicating the coordinates of point
q at time zero and t. Fx and Fy are the two dimensions of
~F. T is a space transformation function. To make this
force-based framework operational, a model of the force
(Fx and Fy) and the relationship between the mass and
time cð Þ must be specified. Note that the vector force
field is not uniform. Therefore, the force exerted on each
object is different and objects will move at different
directions and speeds.

The specification can be divided into two separate
but related parts: the value for

c ¼ 1
2
1
m
t2 ¼ t2

2m
(2)

and the force

~F ¼ Fx x; yð Þ
Fy x; yð Þ

� �
(3)

The c value determines how long, in time, the forces
can move objects in the space so that they would
achieve the maximum displacement while preserving
topology. Mathematically, if a 2D transformation
function is continuous and the determinant of its
Jacobian is positive, therefore invertible, it will be
a bijective projection and the transformed space
will be topologically equivalent to the original
space. Note that the “continuous and twice differen-
tiable” functions proposed in DCN would generate
smooth transformation, but do not mathematically
guarantee topological equivalence, even though they
practically do so (Dougenik et al., 1985). To preserve
topology, the determinant of the Jacobian of the
superposition of all forces must be positive at every
location across the space. From Equations (1) and
(2), the Jacobian matrix is

JT ¼
@xt
@x

@xt
@y

@yt
@x

@yt
@y

" #
¼ 1þ c @Fx x;yð Þ

@x c @Fx x;yð Þ
@y

c @Fy x;yð Þ
@x 1þ c @Fy x;yð Þ

@y

" #
(4)

And its determinant is

det JTð Þ ¼ 1þ c
@Fx x; yð Þ

@x

� �
1þ c

@Fy x; yð Þ
@y

� �
� c

@Fx x; yð Þ
@y

� �
c
@Fx x; yð Þ

@y

� �
¼ c2

@Fx x; yð Þ
@x

@Fy x; yð Þ
@y

� @Fx x; yð Þ
@y

@Fx x; yð Þ
@y

� �
þ c

@Fx x; yð Þ
@x

þ @Fy x; yð Þ
@y

� �
þ 1

With the coefficients of c2 and c being denoted by
a and b, it can be rewritten as

det JTð Þ ¼ f cð Þ ¼ a� c2 þ b� cþ 1 (5)

Equation 5 is a parabola that goes through 0; 1ð Þ and
there is always a c between 0 and 1 that makes
det Jð Þ ¼ f cð Þ ¼ ε> 0, an arbitrarily small positive num-
ber, as follows.

c ¼
ε� 1ð Þ=b if a ¼ 0 and b< 0

�b� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1� εð Þ4ap	 


=2a if a� 0 and b2 > 4a
1 all others

8<:
(6)

Because the det Jð Þ ¼ 1 when c ¼ 0, the minimum c value
solved from all q x; yð Þ will make the determinants of all
Jacobian matrices greater than zero. Therefore, the topo-
logical equivalence will be maintained at all locations (Sun,
2013b). Such a c value also determines the nearly optimal
distances that all object in the vector field can move before
any of them breaks into neighboring polygons.

Interpreted with physics, the c coefficient has specific
implications. It could be the constraint imposed on the
movement time of the gas particles after forces being
exerted on them. And c is exactly the moment when
these particles must be stopped before they break the
topology of the space. When it is viewed as the elasticity
coefficient, c suggests a linear relationship between the
force and displacement as in Equation 1. Such linearity
is exactly what the Hooke’s law describes for linear
elastic material, where the force exerted on a spring is
proportional to its displacement. For the rubber sheet
metaphor, the c coefficient solved from Equation 6 is the
precise level of elasticity that permits the maximum
transformation without topological breakdown.
Compared with the “force reduction factor” in DCN,
the elasticity here is mathematically derived and can
precisely control the space transformation while achiev-
ing the same goal of preserving topology.

For the forces, Equations (3) and (4) do not explicitly
impose constraints but implies that they must be con-
tinuous and partially differentiable, which is the same as
in DCN. Assume there are n general force-generating
entities in a two-dimensional space
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P ¼ pi x; yð Þ 2 R
2ji ¼ 1; 2; . . . ; n

� �
:

Define the force produced by each entity pi

as Fpi
! ¼ f

*

p1 Xð Þ ¼ f
*

p1 x; yð Þ;X 2 R
2. The entire vector

field is then~F ¼ Fx x; yð Þ
Fy x; yð Þ

� �
¼ Pn

i¼1
Fpi
!

, which is a super-

position of forces from all entities. To generalize the force-
generating mechanism, the forces can be uniformly
conceptualized as being generated from relative distances
between point pairs. In area cartograms, for example, poly-
gon vertices need to move to new locations relative to the
polygon centroid according to their desired sizes. In dis-
tance cartograms, points need to move to new locations
relative to other points according to travel time or cost. The
space transformation framework, therefore, is generic on
force generation.Whenever a set of points in the space have
new locational targets relative to their current locations,
they cause tensions and generate forces. And this frame-
work will be able to transform the space by applying the
forces and easing the tensions until reaching an
equilibrium.

As such, the space transformation framework speci-
fies forces as being generated from the point set of P ¼
pi xi; yið Þji ¼ 1; 2; 3; . . .f g that intend to move to

U ¼ ui xui; yuið Þji ¼ 1; 2; 3; . . .f g. The point pair of

pi; uif g produces the force Fpi
!

. It should be noted that
all the forces collectively form a vector field and can
move any object or shape inside. The intensity of the

force should be such that when c ¼ t2
2�m ¼ 1, the point pi

would move to its intended destination ui. While there
are many possibilities, one choice is based on the
Gaussian function with exponential decay in the radial
direction. The intensity and direction of the force that
the pair of points pi; uið Þ generates at q x; yð Þ are

jj Fpi
!jj ¼ jjFpi;ui;q

!jj ¼ dpi;uie
� dpi ;q

dpi ;ui

� �
(7)

d
Fpi
! ¼ dFpi;ui;q ¼ dpi; ui (8)

And the d is the standard Euclidian distance and dpi; ui
indicates the force direction being from pi to ui.

Taken together, the positive Jacobian determinant
and the force-generating mechanism build the core for
a fast and flexible force-based space transformation
framework. First, this framework is based on a vector
field, as opposed to a scalar field represented by a raster
grid. With a vector field, forces only need to be calcu-
lated at where region boundaries lie. As illustrated later,
this allows the application of quadtree and cartographic
generalization to further improve its efficiency. Second,
the mathematically derived c coefficient – representing

the elasticity of the rubber sheet or the moving time of
particles – ensures the determinant of the Jacobian
positive globally and therefore guarantees topological
integrity while producing the maximum transforma-
tion. In other words, it creates the fastest valid conver-
gence under the vector force field. Third, the framework
is flexible because it does not impose constraints on the
forces from individual point pairs other than being
continuous and partially differentiable. Any force mod-
els that are continuous, monotonically decreasing with
distance, and therefore partially differentiable can
replace the Gaussian one. The c coefficient guarantees
that they would not break topology while achieving
maximum convergence. Lastly, the individual forces
are based on point pairs of origins and destinations,
which are rather generic. Changing the way of generat-
ing these pairs would make the framework applicable to
other applications like linear cartograms. Overall, forces
can be flexibly generated in this space-transformation
framework. And no matter how the forces are generated
and applied, the framework can preserve topology and
achieve fast convergence.

3. F4Carto: application to cartogram
production

With the Fast, Flexible, and Force-based space transfor-
mation Framework, an improved algorithm named
F4Carto, read force-fo(u)r-carto(gram) was developed
to produce Cartograms (available for download at
http://sunsp.net/download.html). F4Carto is an imple-
mentation of the force-based framework with a goal of
improving existing force-based rubber-sheet algorithms
of DCN and Sun (Dougenik et al., 1985; Sun, 2013a,
2013b). Specifically, it mitigates the severe deformation
problem as exemplified in Carto3F, unifies its force
enhancement mechanism, and further improves speed
using adaptive quadtrees. While both F4Carto and FFD
(the fast, flow-based diffusion method) benefit from their
solid physical and mathematical foundations, building
useful cartograms can best be accomplished by mobiliz-
ing a range of tools from cartography, GIS, and computa-
tional geometry. F4Carto, therefore, also utilizes research
from these fields to optimize its efficiency, to reduce
shape deformation, and to improve robustness.

The general process of using the framework to pro-
duce cartograms require multiple iterations and each
iteration has four major steps: 1) produce a quadtree for
the polygon vertices and generate circles to approximate
the polygons; 2) create point-pairs from these circles and
calculate the superposition of forces at all corners of the
quadtree leaf nodes; 3) displace the quadtree nodes by
multiplying the calculated optional “elasticity” coefficient
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to the forces; and 4) densify and interpolate polygon
boundaries using the quadtree nodes. The following sec-
tion presents three key improvements to this general
process. First, less-compact polygons are further divided
into smaller polygons in step 1 using a fishnet, that is a net
of regular square polygons. The original polygons are also
generalized to speed up the operation. Second, the sizes of
those approximate circles in step 2 are further extrapo-
lated to enhance the forces in a more universal manner,
which helps improve the stability and robustness of the
program. Third, the quadtree in step 1 can adopts varying
depths depending on the sizes of the polygons to be
transformed.

3.1 Polygon overlay and deformation reduction

Using circles to approximate original polygons in force
generation is one of the reasons why F4Carto is fast and
efficient because they are simple and symmetric (more
details below). However, using circles along with poly-
gon centroids can cause severe deformation problems.
First, the shapes of many polygons such as the Russian
Federation and the Republic of Chile are not close to
circles. As a result, the parts of polygon boundary that
are close to the or the circle will get stronger forces while
others will get weaker forces because the force function
is monotonically decreasing with distance from the cen-
troid. These uneven forces will compress or stretch the
polygon boundaries differently and thus cause huge
deformation. Second, even if the initial shapes of poly-
gons are close to circles, they will be transformed to very
different shapes after a few iterations. For example,
Canada in a world population cartogram will become
a very narrow belt along the US border. To address this
issue, DCN suggested to divide large polygons to convex
regions and Carto3 F divided polygons into more com-
pact subdivisions in pre-processing, but the first tactic is
computationally costly and the second one does not
appear to be effective after several iterations (Dougenik
et al., 1985; Sun, 2013a). In F4Carto, this is done pro-
grammatically in every iteration. When the Polsby-
Popper metric shows a non-compact polygon, it will
be divided into smaller ones by imposing a net of reg-
ular square polygons using the overlay operation
(Figure 1). This operation enables F4Carto to handle
complex maps composed of polygons in varying shapes.
Its computational cost is non-trivial but moderate
because the fishnet has very simple geometry.

3.2 Force generation and enhancement

Given a polygon with a series of vertices on its bound-
ary, a circle of the same area centered on the polygon

centroid can be created to be a proxy of the original
polygon, which is a visible form of the polygon radius
in DCN (Dougenik et al., 1985). The circle will either
enlarge or shrink depending on the balance between
the current area (relative to the others) and the
intended area (in proportion to the chosen attribute
of the polygon). The ratio of the radius of the desired
and original circles is rj ¼

ffiffiffiffiffiffiffiffiffiffiffi
Sd=Sc

p
for jth polygon,

where Sd is the desired area and Sc is the current
area. Certain number of points like sixteen are then
evenly sampled on the original circle as the force gen-
erating points pj

� �
and their corresponding destina-

tions on the desired circle as uj
� �

. These point pairs of

pj; uj
� �

produce forces and all forces together form
a force field (Figure 2).

Figure 1. Fishnet overlay for better approximation of shapes.
F4Carto uses circles to approximate polygon shapes and to
generate forces. When a shape is not so compact as a circle,
breaking it down to multiple parts using a fishnet helps achieve
a better approximation of the shape and reduces deformation in
the resultant cartograms.

Figure 2. Force generation and enhancement. The current size of
the circle equals to the original polygon area; the desired size
equals to the desired area scaled according to the attribute; and
the enhanced/exaggerated size is the result of further extrapolat-
ing the desired size. Note that this figure only uses two and eight
points on the circles for illustration. F4Carto uses 16 points by
default.
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One advantage of the framework is to allow force
enhancement and to expedite the convergence. As well
known, automatic cartogram production requires mul-
tiple iterations and can only gradually approach the
equal-density state. Faster convergence with less itera-
tions helps reduce deformation because the transformed
shapes will gradually deviate from the original ones with
more iterations. Using force enhancement is a shooting-
higher strategy to speed up convergence by overcoming
the canceling effects among neighboring polygons (Sun,
2013a). A uniform force enhancement strategy is to
manipulate rj as follows.

rej ¼
1þ ρenlarge e rj�1:0ð Þ � 1:0

� �
; if rj � 1:0

rej 1þ ρshrinkloge rj
	 
	 


; if rj < 1:0

(
(9)

ρenlarge is an enhancement parameter for enlargement;

ρshrink is for shrinkage. With the enhanced ratio, the
desired coordinates of points uj

� �
are

uj�x
uj�y

� �
¼ pj�o�x þ rej pj�x � pj�o�x

	 

pj�o�y þ rej pj�y � pj�o�y

	 
" #
(10)

This enhancement not only speeds up the convergence of
the cartogram but also offers an option to influence the
style of the transformed polygons. When ρenlarge > ρshrink,
the regions appear more inflated; conversely, the regions
tend to be slim.

3.3 Shape simplification and adaptive quadtree

One advantage of using a vector field-based framework
like in DCN and F4Carto is to bypass large areas of
“empty” space where no polygon boundary vertices
exist. Computationally, this can be achieved by utilizing
a spatial structure of quadtree. A quadtree is
a compression data structure which has varying resolu-
tions and naturally represents the areas with polygon
vertices inside. With a quadtree, the space transforma-
tion will not be directly applied to those polygon vertices
in the case of cartograms. Instead, the four corner ver-
tices of each quadtree node will be transformed first and
then all polygon vertices inside the node will be inter-
polated using the four vertices. Additionally, the quad-
tree provides a baseline for inserting vertices to the
polygon boundary to practically avoid topological viola-
tion. Instead of imposing a maximum distance criterion
between adjacent polygon vertices as in DCN and
Carto3F, extra points are added at where polygon
boundaries intersect the quadtree node.

To cartogram production, another benefit of using
a quadtree is to represent those small polygons of very
high density with little extra computational cost. For

example, Singapore is about 722.5 km2 with a population
density of 7804=km2, the third highest among all countries
and regions. To effectively transform the shape of
Singapore, the finest quadtree node must be small enough,
roughly the same size as the country. This implies that the
quadtree would have a higher depth value. However, if we
apply the same depth to the boundaries of bigger countries
like Thailand or USA, the quadtree will contain too many
unnecessary details that have virtually no effects on the
transformation of the entire country. As such, it is desir-
able to vary the tree depth and make it adaptive to the
transformed polygons. In cartography, this can be done
through cartographic generalization, a technique of sim-
plifying shapes. Based on the size and density of a polygon,
it can be simplified differently: a big country will be deeply
simplified while a small one will be moderately or not
simplified. Then the quadtree can be constructed using
the vertices in these simplified polygons. As a result, the
quadtree is adaptive to different regions and has varying
depths (Figure 3).

The quadtree structure turns out to be helpful for
improving speed compared with previous methods
(Dougenik et al., 1985; Gastner et al., 2018). DCN
applies forces to all polygon vertices while F4Carto
only applies forces to the corners of quadtree nodes.
Because the number of quadtree nodes is generally less
than the number of vertices, the quadtree helps reduce
the computational cost. Although the quadtree method
adds an interpolation procedure for all vertices, it is
a local, linear computation and consumes little time.
In contrast to the force-based methods, the diffusion
method uses a scalar field with a raster model. To

Figure 3. Adaptive quadtree for regions with varying sizes. For
small regions like Singapore and Brunei, the quadtree has higher
depth and smaller leaf nodes (higher resolution) to represent
and transform polygon boundaries. Bigger regions like Thailand
have lower depth value and bigger leaf nodes.
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represent small regions with high densities, the resolu-
tion of the field or grid must be very high; otherwise,
those small regions would be embedded in their neigh-
boring regions and would not be sufficiently represented
and transformed. If it does use a high-resolution field or
grid, however, the speed will be noticeably sacrificed as
there will be much more data points to be processed. By
contrast, the quadtree can vary its node resolutions or
depth to represent polygons of all sizes and the high
resolution or higher node depth at the small high-
density regions will not spread to the entire field.

4. Evaluation

The evaluation of cartogram algorithms is multidimen-
sional and involves qualitative and quantitative aspects.
Contiguous cartograms must have no topological errors
of line crossing or polygon overlapping, which can be
easily verified qualitatively. The quantitative aspect is
how fast a cartogram algorithm reduces size errors of
cartograms with as little as possible shape deformation
or distortion. To evaluate the force-based framework, its
implementation, F4Carto, is compared with the fast
flow-based diffusion algorithm (FFD) for size errors,
deformation, and speed (Gastner et al., 2018). The flex-
ibility of F4Carto is also illustrated in terms of alterna-
tive force-generating methods and adaptivity to
different style-controlling parameters. This comparison
hopefully provides cartograms-makers practical guide-
lines when they choose between the force-based and the
diffusion methods.

4.1 Performance metrics

As cartogram production is a multi-objective pro-
blem with the goals of topological integrity, zero
size error, minimum shape distortion, and fast con-
vergence, evaluating and comparing cartogram algo-
rithms require simultaneous consideration of
effectiveness, shape preservation, and efficiency
which can be quantitatively measured by size errors,
the degree of shape deformation or distortion, and
program running time. As of today, no cartogram
algorithms can completely eliminate size errors for
all maps. That being said, the latest FFD can achieve
almost exact equal-density status for simple maps
such as the US states (Gastner et al., 2018).
Nevertheless, due to the presence of size errors, the
evaluation of cartograms is best conducted in
a three-dimensional space of size error, distortion/
deformation, and running time. Such multiplicity

better represents the trade-offs among the three fac-
tors and offers a more comprehensive assessment of
the characteristics of various algorithms.

Of the three dimensions of cartogram evaluation, size
errors have many quantitative metrics such as simple
mean error, root mean square error, and area-weighted
mean error (Henriques et al., 2009). Because all the size
error metrics are based on the relative sizes of the
original and transformed polygons and are quite con-
sistent with each other, this evaluation chooses the area-
weighted mean error because errors in bigger polygons
are more visually identifiable than in smaller ones
(Henriques et al., 2009; Sun, 2013a).

Program running time or speed is straightforward
and easy to measure. The efficiency of an algorithm,
however, is not exactly the speed of a program as
many implementation details can influence its perfor-
mance (Sun, 2013a). Nonetheless, such measure pro-
vides a reasonable approximation of the efficiency,
particularly when tests are performed on the same com-
puter using the same datasets.

Contrast to size error and speed, measuring shape
distortion or deformation is more difficult as perceptual
shape distortions are difficult to measure quantitatively.
For general map-distortion measurement, particularly the
distortion of map projections, Tissot’s indicatrix has been
widely used. Cartogram is also a special type of map
projection and its distortion can certainly be assessed
using Tissot’s indicatrix as well (Gastner et al., 2018;
Sun, 2016; Tobler, 2004). However, Tissot’s indicatrix is
more applicable to a scalar field with continuous, smooth
surfaces where the second order partial derivatives exist.
The drawback of applying it to cartograms is that Tissot’s
indicatrix is a local measure and does not comprehen-
sively measure the distortion of the entire polygon.
Because of this limitation, the average of three polygon
dissimilarity measures – Hausdorff distance, Fréchet dis-
tance, and symmetric difference – is adopted to assess the
shape distortion or deformation of the entire polygon.
Extensive research on spatial cognation and cognitive
maps has illustrated the complexity of such perception
to space and shapes (e.g. Couclelis et al., 1987;
Freundschuh & Egenhofer, 1997). Therefore, it may not
be a good practice to use these distortion metrics to guide
or optimize the automatic cartogram production.
Nevertheless, such quantitative measures supplement the
common visual assessment and provide more operational
indicators for shape deformation.

Hausdorff distance is the maximum of the minimum
distances between every point on a line or polygon to
another line or polygon and is defined as follows.
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h A; Bð Þ ¼ max min d ai; Bð Þf g;min d A; bið Þf g;f
ai � A; bi � Bg (11)

If two polygons have the exact same shape, their
Hausdorff distance is zero. When some vertices on one
polygon are deviating from the other polygon, the distance
increases. In spatial analysis, it is often used as a distance
between polygons (Okabe & Miller, 1996). In geometry,
computer graphics, and image processing, Hausdorff dis-
tance is widely used as a quantitative measure of shape
dissimilarity (e.g. Di Gesu & Starovoitov, 1999).

The Hausdorff distance essentially measure the worst
vertex displacement in the transformed polygon. Even
though the result is from a single pair of polygon ver-
tices, it is derived from comparing all vertices in the
polygon and is a global measure (Figure 4).

Fréchet distance is another measure of dissimilarity
between two lines or polygons. It is the greatest lower
bound of the distance that is long enough to connect
a point forward moving on one shape to a point forward
moving on the other shape. A widely used example is
a man walking a dog on two paths respectively. Each of
them only walks on a specific path and cannot move
backward. The Fréchet distance is the minimum length
of the leash that can keep both on the paths. As Fréchet
distance has a constraint of forward moving, it helps
measure the shape similarity between their corresponding
parts. For example, if we divide a polygon into four parts
A to D, a good similarity will be original A close to
transformed A, original B to transformed B, etc. But the
Hausdorff distance might compare A to C and B to D if
their vertices are close to each other. Fréchet distance, by
contrast, can completely avoid this in a continuous space.
Note that for many shapes like the three in Figure 4, these
two measures are the same.

While both Hausdorff and Fréchet distances treat
polygons as polylines or hollow boundaries, the sym-
metric difference is different in that it treats both poly-
gons as coverages. The ratio of symmetric difference is
essentially the relative size of the area that are not shared
by the two polygons (Figure 4). If two shapes are the
same, the ratio is zero. When they share smaller com-
mon areas, the ratio increases. The range of the sym-
metric difference ratio is zero to one.

ρs ¼
S A� Bð Þ

S Að Þ þ S Bð Þf g (12)

For the purpose of pure shape comparison without the
influence of sizes, all original and transformed polygons
are scaled to the same unit size (area = 1) and their
centroids are also aligned at (0, 0). Note that the
Hausdorff and Fréchet distances of extremely distorted
shapes could be greater than one with such polygon

standardization, even though most are still below that.
Overall, to evaluate the distortion or deformation of the
entire cartogram, the mean distortion is calculated as

δd ¼
P

hdi þ fdi þ ρsi
	 


3N
(13)

All three measures are computed using the open-
source boost geometry package and are rather con-
sistent in terms of ranking four example polygons
from the least to the most distorted (Table 1). As

Figure 4. Examples for shape deformation/distortion measure
and comparison (a) Illinois (b) New Jersey (c) Florida and (d)
Delaware. See Table 1 for the measured values.
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the two distances in boost package are based on
discrete points, as opposed to continuous polylines
or polygon boundaries, they are only approximate
although extra vertices have been added to the poly-
gon boundaries to make them close to the exact
values (Hangouet, 1995). Overall, the average pro-
vides a reasonable metric for shape deformation
comparison. Of course, one can easily find that all
three measures are sensitive to rotation. Whether
rotation is a source of perceptional distortion, how-
ever, is beyond the scope of this paper.

4.2 Evaluation results

To compare F4Carto against FFD with this logic,
both programs were executed to produce five carto-
grams of population: the 48 US contiguous states, the
China provinces and special administrative regions,
the France départements, US Counties in the 48
states, and the World Countries and Regions. Their
parameters were also manipulated to avoid topologi-
cal errors and to reduce the area-weighted mean size
error to 1% or below. If one program failed to avoid
topological errors or did not reduce the error to the

threshold, it will be explained and discussed. The
comparison is conducted using the number of topo-
logical errors, running time, final size error, and the
mean dissimilarity measure for shape distortion
(Table 2).

First, FFD has a clear advantage in approaching
equal density for simple cases like the cartogram of
population by US states, China Provinces, and
France Départements. The area-weighted mean size
error is less than 10�3, essentially a zero. Therefore,
FFD qualifies as a computationally “exact” algorithm
for cartograms, which is the first and only automatic
method in this category. The extraordinary capability
of FFD method to reduce size errors to almost zero,
however, is compromised for complex maps. The
size error of the cartogram of population by US
counties in the 48 contiguous states, for example,
cannot be further reduced after an extended running
time. Whether it is the algorithm itself or the specific
implementation is unknown.

Practically, an area-weighted size error of 0.01 and
0.001 register little visual difference and both are of
extraordinary high quality (Figures 5, 6 and 7). In fact,
the visual differences between cartograms are hardly
distinguishable when their area-weighted mean size
errors are below 5%. In other words, any cartograms
with such an error would be favorable for visualization
purposes. Nevertheless, F4Carto reduced all the errors
to 1% except the US county to 5%, for which FFD only
drove the error down to 40%.

When it comes to topology, F4Carto does not
produce any errors for all the five tested cases. FFD
method is also good for simple maps with the default

Table 1. Shape deformation or distortion measures for four
sample polygons in Figure 4.

Polygon

Hausdorff
distance
(hd)

Fréchet
distance
(fd)

Symmetric
Difference (ρs)

Average
(δd)

Illinois 0.1785 0.1785 0.1661 0.1744
New Jersey 0.2768 0.2768 0.2881 0.2806
Florida 0.4624 0.4624 0.3085 0.4111
Delaware 0.5363 0.7721 0.4706 0.5930

Table 2. Performance comparison of FFD and F4Carto.
Data
(# of Rings/Polygons) Method* Area-weighted Size Error Overlapping/self-intersection Running Time (s)** Mean Shape Deformation

USA States
(68/48)

FFD <10−3 0 2.38 0.51
F4Carto <0.01 0 0.24 0.38

China Provinces
(42/34)

FFD <10−4 0/2 24.20 0.63
F4Carto <0.01 0 0.51 0.47

France
Départements
(277/94)

FFD <10−3 0/2 2.02 0.33
F4Carto*a <0.03 0 1.36 0.32
F4Carto <0.01 0 6.39 0.34

USA Counties
(3257/3108)

FFD† 0.4 969/159 4.99 0.62 §
F4Carto*b 0.05 0 391.78 0.50

World Countries
(1828/206)

FFD‡ <10−3 8/12,001 159.36 0.81 §
F4Carto*b <0.01 0 15.77 0.57

* The maximum number of rows/columns used to rasterize the space for FFD is 512, which is the default program setting; for F4Carto, the default quadtree
depth is 6, which is equivalent to a 64 by 64 grid. The quadtree depth of *a is 5 and *b is 8.

** Running Time excludes data conversion and exporting. All computations were performed on a Windows 10 Pro Workstation with 32GB Memory and an Intel
Xeon W-2125 CPU of 4 cores and 8 threads at 4 GHz.

† FFB had to be terminated after the second integration due to unresponsiveness. The resultant maps had many visible topological errors of self-intersection
and overlapping. The size errors could be much lower should this issue have been avoided.

‡ FFB hung up at the 865th integration, which had been long enough for the cartogram transformation though. Despite the large number of topological errors,
most of them are minor errors and not visually apparent.

§ For reference only. Due to the large number of topological errors, the cartograms had to be processed using the ArcMap Repair Geometry Tool. Even so, many
topologically invalid polygons were excluded from the results because the boost geometry package used to calculate Hausdorff distance, Fréchet distance,
and symmetric difference returns an error code of −1 for those cases.
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512 by 512 grid. For complicated cases, however,
FFD generated topological errors of overlapping
and self-intersection. Increasing the grid resolution
to 1024 by 1024 and even 2048 by 2048 did not seem
to reduce the number of errors. It should be noted
that most errors are more likely caused by the algo-
rithm implementation, not necessarily the problem
of the algorithm per se. As having been well docu-
mented in DCN, the implementation should have
inserted more vertices on the boundary when it was
stretched by the transformation, although this may
decrease its efficiency because there will be more
points to be processed. Greenland and Iceland trans-
formed by FFD, however, are obviously overlapping
(circled in Figure 8(b)) and the overlap seems not
avoidable by inserting more vertices.

For the comparison of running time, F4Carto is
clearly faster than FFD. F4Carto was up to 40 times
faster than FFD, particularly for simple cases (Table 2).

In general, F4Carto was faster but FFD reduced more
size errors.

On the shape preservation, FFD produces some
obvious distortions. For example, in the cartogram
of population by China Provinces, FFD generates
many “spikes” around Tibet and Xinjiang. The
northern part of Shandong Province also has some
severe distortion (circled in red in Figure 6). In other
cases, FFD has some balloon effects such as
Hong Kong in China cartogram and Taiwan in the
World Countries and Regions cartogram (red circles
in Figures 6 and 8). Quantitatively, the deformation
of F4Carto is generally less than FFD with the mea-
sured cases. FFD and F4Carto are virtually identical
on shape distortion measures for French
Départements (Figure 7). Because they are mostly
compact shapes, the fishnet overlay strategy does
not really take effect in F4Carto, which basically
downgrades the F4Carto to the previous Carto3 F.

Figure 5. Cartograms of 2010 population for contiguous US states (a) Original Shapes (b) by FFD with area-weighted size error < 10−3

(c) by F4Carto with an error of 0.0224 from second iteration. (d) by F4Carto with an error of <0.01 from fifth iteration.
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Other than those local differences, both methods
produce rather similar cartograms because they use
the same Gaussian core for transformation.

Most noticeably, FFD had trouble with large datasets
that require significant transformations, although this
could be an issue of the implementation instead of the
algorithm itself. For example, the contiguous US counties
map has over 3,000 polygons. The range of population is
from hundreds to nearly 10 million and the highest
density is more than 1000 times higher than the lowest.
FFD seemed strained by such complexity and only pro-
ceeded to the second integration with a size error of 40%.
The resultant cartogram also has many apparent topolo-
gical errors. By contrast, F4Carto is more robust on such
complex dataset and ran 11 iterations without producing
topological errors (Figure 9). For those who are familiar
with American geography, major metropolitan areas like
New York, Los Angeles, Chicago, Minneapolis/St. Paul,

Houston, Dallas, and Austin are not difficult to identify
on the cartogram.

4.3 Flexibility evaluation

The general space transformation framework
described in this paper has a flexible force-
generating mechanism, which is to be illustrated
with two variations. The first uses the vertices on
the original polygon boundaries to generate forces,
as opposed to the points on the approximate circles;
and the second is to adjust the enforcement para-
meters of enlargement and shrinkage to show how
they change the style of cartograms.

The space transformation framework presented in
this paper generates forces using point pairs of origins
and destinations, which generalizes the force-generating
mechanism. Even though using approximate circles to

Figure 6. Cartograms of 2000 population for China Provinces (exceptional distortions circled in red) (a) Original Shapes (b) by FFD with
area-weighted size error < 10–4 (c) by F4Carto with an error of 0.0215 from the third iteration. (d) by F4Carto with an error of <0.01
from the seventh iteration.
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generate such pairs is simple and fast, the framework
can also make use of the ideal desired polygons as
destinations. Because it tries to move all vertices back
to their corresponding locations in original shapes that
are scaled according to the population or other attribute,
this approach has the effect of shape restoration
(Figure 10).

Although “restoring” original shapes by using the
original polygon boundaries sounds appealing, this
type of force generation can cause potential problems
due to uneven point density and distribution. Large
polygons have more vertices and aggregately pose
much stronger forces; small ones will pose weaker
forces. By contrast, using polygons or circles as in
DCN and Carto3F have no such issue because the forces
are essentially generated by polygons, not vertices.
Additionally, using polygon vertices as sources of force
also makes the process subject to the level of polygon

generalization. Despite these issues, the framework still
works quite well, particularly for states on the border
with few neighbors (Figure 11). For example, the states
of Florida, Texas, California, Michigan, and
Massachusetts in the cartogram are closer to the original
shapes with less directional skews. Such advantage,
however, is not consistent. States like Idaho and
Wyoming have more distortion due to the influence of
neighboring polygons. Overall, this approach can only
reduce the area-weighted mean size error to 0.084,
worth than the 0.009 achieved by using circles.
However, the deformation measure is reduced to 0.30
from 0.38 and the above-mentioned states have much
less distortion. As such, this example illustrates the
flexibility of the framework’s force-generating
mechanism.

Besides adaptive to new force generation methods,
the framework also allows various enlargement and

Figure 7. Cartograms of 2013 Population for France Département (a) Original Shapes (b) by FFD with area-weighted size error < 10−3

(c) by F4Carto with an error of 0.024 (d) by F4Carto with an error <0.01.
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shrinkage parameters for force enforcement, which pro-
vides an easy way to influence the “style” of cartograms.
Exaggerating enlargement forces tends to make the

shapes balloon; while exaggerating shrinkage forces
make the shapes slim (Figure 12). In F4Carto, the
default ratio between the enlargement and shrinkage

Figure 8. Cartograms of 2010 population for world countries and regions (balloon effect and polygon overlapping circled in red) (a)
Original Shapes (b) by FFD with area-weighted size error < 10−3 (c) by F4Carto with an error of <0.01 from eighth iteration.
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parameters is proportional to the ratio between the
number of polygons that have higher-than-average den-
sities and those of lower-than-average densities. This
choice is because where there are more to-be-enlarged
polygons, enlarging forces generated from these poly-
gons tend to cancel each other and therefore need rela-
tively higher enlargement enforcement. The cartograms
produced using varied enhancement parameters have
distinctive styles from slim to inflated. As expected,
slim and extreme inflated cartograms tend to have
higher size errors and more deformation. The balanced
one has smaller deformation, even compared with the
“optimal” parameters that achieve the lowest size error
(Table 3). While not all combinations of these two

parameters can reduce the size errors very low, they
practically offer a simple yet effective way to customize
the cartograms for specific mapping styles. Such flex-
ibility also indicates the robustness of the framework as
the enhancements make the density ratios between
polygons much bigger as the exponential and logarith-
mic functions in Equation 9 suggest.

5. Conclusion

This paper reformulates existing force-based rubber-
sheet cartogram algorithms of DCN and Carto3F as
a fast, flexible, and generic transformation framework
with solid physical and mathematical foundations.

Figure 9. Cartograms of 2000 population for contiguous US counties (a) Original Shapes (b) by FFD with area-weighted size error at 0.4
(c) by F4Carto with an error of 0.05 from eleventh iteration.
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Through the mathematically pinpointed rubber sheet
elasticity coefficient, the framework guarantees topolo-
gical integrity and therefore renders the space transfor-
mation framework free of topological errors. The
elasticity coefficient also helps achieve fast convergence
because it allows the topologically valid maximum
transformation. The framework’s point pair-based
force generating mechanism permits flexible force gen-
eration. It also has the capacity to apply cartography and
spatial analysis techniques such as shape generalization,
adaptive quadtree, and on-the-fly fishnet overlay to
improve speed and to reduce shape deformation.

The advantage of the framework is realized by an
improved force-based cartogram program named
F4Carto. For the five examples with varied complexities,
F4Carto is up to 40 times faster than the latest flow-based
diffusion (FFD) algorithm. Cartograms produced by
F4Carto generally have less deformation in the limited
number of examples. Although F4Carto cannot reduce
cartogram size errors as low as FFD, it can still reduce
them to a level that shows little visual difference from the
almost exact cartograms produced by the diffusion meth-
ods. Specifically, FFD can reduce area-weighted mean
errors below 0.1% and F4Carto below 1%, both of
which indicate high-quality cartograms. Additionally,
F4Carto is more robust and can handle complicated
maps that FFD cannot. Because of its flexibility in force

generation, F4Carto has certain advantages in preserving
shapes while offering an option of changing parameters
to produce distinctive slim or inflated cartogram styles.
Overall, the force-based framework provides a fast, flex-
ible, and robust alternative to the diffusion methods for
cartogram production.

The fast and flexible force-based space transfor-
mation framework has multiple potential applica-
tions beyond area cartograms. It could be applied
to linear cartograms if the force-generating point
pairs are from the desired distances between points
instead of from desired polygon sizes (Sun &
Manson, 2007). It could also accommodate different
force functions other than the Gaussian one.
Furthermore, this framework could be a foundation
for alternative space representation based on relative
distances between geographic objects. Such relative
space has been suggested by spatial scientists for
decades (Abler et al., 1971; Couclelis, 1999;
O’Sullivan et al., 2018). These directions warrant
further inquiry.

Figure 10. An alternative force-generating mechanism using the
vertices on the scale-transformed polygon boundary as
destinations.

Figure 11. F4Carto with different force generation mechanisms
(a) forces to original vertices (weighted mean size error = 0.0844,
shape deformation measure = 0.30); (b) forces to circles
(weighted mean size error <0.01, shape deformation
measure = 0.38).
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